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Abstract. The quark degrees of freedom of the QGP with special focus on mass effects
are investigated. A next-to-leading-order perturbation theory approach with quark mass
dependence is applied and compared to lattice QCD results.
1. Introduction
The experiments at the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National
Laboratory as well as at the Large Hadron Collider (LHC) in Geneva showed clear evidences for
the creation of a novel state of matter that is usually refered to as Quark-Gluon-Plasma (QGP)
(see e.g. Ref. [1] for a recent review). According to asymptotic freedom, at sufficiently high
T the quarks and gluons in this medium are weakly coupled and enable the description of the
underlying physics by perturbation theory. On the other hand Lattice Monte Carlo simulations
are the method of choice to fully capture the thermodynamic effects of strongly interacting
matter at least for nonvanishing chemical potential. In this work these two approaches are used
to investigate important thermodynamical quantities such as quark number fluctuations that
also can be accessed by experiments. The focus lies on the incorporation of quark masses in the
calculations.
2. Calculation
For the perturbative calculations we resort to a next-to-leading order setup including mass
dependence that was intensively described in Ref. [2]. The lattice data to which the perturbative
results are compared to can be found in Refs. [3–5].
A few words about the chosen accuracy in perturbation theory are in order. The convergence
of the weak coupling expansion is very bad. This behaviour is already known for decades. The
free energy of hot QCD can in fact be separated into contributions from momentum scales T ,
gT and g2T [6], that are called hard, soft and supersoft modes. This is why the pressure of hot
QCD is usually written as pQCD ≡ phard + psoft. It can be shown that phard is the contribution
from the scale ∼ T and has a well behaved perturbative expansion. This is not the case for
psoft where the contributions from the soft and supersoft scales gT , g
2T are included. However,
in this work the impact of the quark masses is studied. The convergence of the expansion in
terms of the mass dependece is different, which was nicely illustrated in Ref. [7]. This is why
the accuracy of the perturbative order is restricted to g2 here. Accidentaly, the g2 perturbative
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result is close to the full non-perturbative result and therefore it serves as a reasonable starting
point to study quark mass effects.
3. Results
In all numerical perturbative calculations the light quark masses are set to mu = 2.3 MeV and
md = 4.8 MeV. The setup of Ref. [2] includes a running prescription of the coupling constant.
Such a behaviour usually appears at NNLO so that higher order effects are partially taken into
account though the calculation of the thermodynamic potential is at NLO. As in Ref. [8] we
choose αs(Λ) = 4piβ0L [1 − 2β1β20 lnLL ], with Λ being the renormalization scale and L = 2 ln(Λ/ΛMS),
β0 = 11 − 2Nf /3 and β1 = 51 − 19Nf /3. For the heavier quarks we take into account the running
ms(Λ) = mˆs (αspi )4/9 [1 + 0.895062αspi ] and mc(Λ) = mˆc (αspi )12/25 [1 + 1.01413αspi ]. The scale ΛMS
is fixed by requiring αs ≃ 0.336 Λ = 1.5 GeV [9]; one obtains ΛMS ≃ 343 MeV for 2+1 flavors and
ΛMS ≃ 285 MeV for 2+1+1 flavors. Requiring ms = 93.6 at Λ = 2 GeV [10] for the strange quark
mass, leads to mˆs = 252 MeV. For calculations that include mc, we proceeded in the following
way. For the calculations we use either 2+1 flavor running or 2+1+1 flavor running depending
on the temperature. At Λ =mpolec ≂ 1.7 GeV we change between the different number of flavors.
Therefore the 2+1-running αs is again fixed by αs ≃ 0.336 Λ = 1.5 GeV. The ΛMS for the 2+1+1-
running is determined by matching them at the scale of the c-quark pole mass, which means, that
α2+1s (Λ =mpolec ) = α2+1+1s (Λ =mpolec ). It yields Λ2+1MS ≃ 343 MeV and Λ2+1+1MS ≃ 285 MeV. Of course
for mc the analogous condition must be fulfilled, m
2+1
c (Λ = mpolec ) = m2+1+1c (Λ = mpolec ), which
means for mˆ2+1c = 3231 MeV and mˆ2+1+1c = 3507 MeV. With these conventions, the only freedom
left is the choice of Λ which is chosen to be Λ = 2piT . For this choice of the renormalization scale
the matching point of 2+1 and 2+1+1 flavor running corresponds to roughly T = 271 MeV. The
band uncertainties in our plots shown below result from the variation of Λ by a factor of two.
We first calculated the pressure and investigated the impact of 2+1+1 compared to 2+1
flavors. The lattice data lay completely in the uncertainty band of the perturbative calculation.
However, at low temperatures this uncertainty was quite large, so that one can conclude that for
temperatures T ≳ 300 MeV both methods are in good agreement. The contribution of the charm
quarks to the pressure revealed the Boltzmann-suppression for low temperatures, as expected. In
this approximation the distribution functions are simply replaced by the Boltzmann distribution,
and at leading order the partical charm pressure is pc(T,µc) = f(T ) ⋅ cosh(µc/T ), where µc is
the quark chemical potential of the charm-quark.
In Ref. [2] it was pointed out that the susceptibilities are the thermodynamic quantities that
are the most sensitive ones to the quark mass effects. This is why we are especially interested in
investigations of these quantities. We compute quark number susceptibilities, which are defined
as derivatives with respect to the corresponding quark chemical potentials µ⃗ ≡ (µu, µd, . . . , µNf )
as
χijk...(T ) ≡ ∂i+j+k+...p(T, µ⃗)
∂µiu∂µ
j
d∂µ
k
s . . .
RRRRRRRRRRRµ⃗=0 . (1)
From the perturbative point of view the quark mass depedence of the quark number
susceptibilities has not been investigated. We start with the ratio of the strange- over up-quark
susceptibility of second order that is depicted in Fig. 1 (a) and compared with lattice data of
Ref. [4]. The trend is obviously described by both of the approaches in the same way even at
temperatures down to T = 350 MeV. Only at even lower temperatures there is a slight deviation
that is catched by the uncertainties though. Note that previous perturbative calculations would
only result in a horizontal line at 1 because there is no difference between χ2u and χ
2
s. The same
ratio but this time at fourth order is shown in Fig. 1 (b). Again the trend of the lattice data [5]
is in good agreement with the perturbative results. For low temperatures, T < 400 MeV, there
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Figure 1. Comparison of the ratios χ2s/χ2u (a), χ4s/χ4u (b) and χ6c/χ2c ⋅ T 4 (c) at µB = 0 with
lattice QCD results [3–5]. The comparison of χ6c ⋅ T 2 at µB = 0 with lattice QCD results [3] and
HTLpt results [11] is illustrated in (d).
is an increasing deviation. The tiny maximun provided by the lattice data for temperatures of
roughly T = 580 MeV cannot be reproduced by the perturbative setup.
In Fig. 1 (c) the ratio of the sixth- and second order charm-quark susceptibilities is studied.
Having a look at the expression for pc we expect the ratio to be close to 1 at least at leading
order. Obviously the perturbative result in Fig. 1 (c) is slightly above 1. This behaviour can
be explained if we have a more detailed look at the NLO expressions. At NLO products of
distribution functions appear. If the Boltzmann-approximation is applied a term proportional
to cosh(2βµc) and a term independent of µc are arising. For the normalized ratio χ6c/χ2c ⋅T 4 this
means it is proportional to
cosh(βµc)+26 cosh(2βµc)
cosh(βµc)+22 cosh(2βµc) which is obviously bigger than 1. In general the
comparison of this ratio with lattice data is successful because the trend is described analogously
even when the perturbative results are a little bit above the lattice data.
The sixth order charm-quark susceptibility is interesting by itself because lattice simulations
showed that there is a maximum around T = 450 MeV that cannot be reproduced by even
resummed three-loop perturbative calculations without mass dependence [11]. This is why it
was not clear so far if the bump is caused by nonvanishing bare quark masses or by higher
order effects beyond three-loop. Our results (solid line) are shown in Fig. 1 (d) and compared
to lattice data at different temporal spacings and NNLO HTLpt (dashed line). Obviously our
approach is able to recover the maximum that is also described by the lattice calculations. We
did calculations at LO where the bump also appeared, but it lay outside of the lattice error
bars. For the NLO result the bump is within the error bars of lattice data at Nt = 8. It is also
clearly visible that the Boltzmann-approximation holds for our calculation at low temperatures
because of the large charm-quark mass of roughly mc = 1.2 GeV at a temperature of T = 200
MeV.
4. Summary
The effects of heavy quark flavors on the pressure and susceptibilities have been investigated.
A perturbative and a lattice Monte Carlo approach were compared in order to see if mass
effects can be reproduced in the same way. The considered ratios of the susceptibilities show
a good agreement between the two methods. The investigation included calculations of the
quark number susceptibility up to the sixth order which confirmed the behaviour already seen
in previous lattice calculations. An obvious following project would be the inclusion of higher
orders in the perturbative setup.
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